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ASYMMETRIC NONLINEAR DYNAMIC RESPONSE
AND BUCKLING OF SHALLOW SPHERICAL SHELLS

by Atis A. Liepins
Dynatech Corporation

SUMMARY

A numerical method and computer program are developed for the com-
putation of the large deflection dynamic response of simply supported shallow spherical
shells subjected to a class of spatially asymmetric and timewise step loadings. The
numerical method employs two dimensional spatial finite differences, timewise finite
differences together with Houbolt's method, and solution by Newton's procedure to-
gether with an extension of Potters method. Response histories and asymmetric

dynamic buckling loads for several geometries and load durations are presented.



INTRODUCTION

Thin shell components have found wide application in spacecraft struc-
tures. For example, the Apollo command module aft heat shield back-up struc-
ture is a thin spherical shell. The behavior of shell structures under impact loads
is of importance in the design of such structures to withstand water landing loads.
Of special interest is the response and instability of thin spherical shells subjected

to time dependent spatially asymmetric loadings.

The literature on the numerical calculation of large deflection dynamic
response and instability of thin shallow spherical shells is sparse. A recent re-
view of the literature can be found in Reference 1. All studies reviewed in Refer-
ence 1 are limited to symmetric response. To the author's knowledge, reports on
the asymmetric nonlinear dynamic response of shells have not appeared in the lit-

erature.

The purpose of the present analysis is to develop a numerical method and
computer program for the calculation of the large deflection dynamic response of
simply supported shallow spherical shells subjected to a class of spatially asym-
metric and timewise step loadings. The program is then used to calculate asym-

metric dynamic buckling loads for a few geometries and load durations.



»

o™ H=H B O

H(7)

I
cr
M

M.,M
T

0

NOMENCLATURE

base radius of shell

thickness of shell

nondimensional pressure

pressure

classical buckling pressure for complete sphere
radial coordinate

time

nondimensional normal displacement
nondimensional radial coordinate
En®/12 (1 - »?)

Young's modulus

stress function

initial height of shell at the pole

unit step function

critical impulse

number of finite difference stations on a meridian
, Mr 0 stress couples

number of meridians less one in the finite difference net
N ro stress resultants

radius of curvature

kinetic energy

meridional displacement
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g

T*

AX

Af

circumferential displacement
volume of deformation
volume difference

normal displacement

measure of asymmetry of load
convergence tolerance

membrane strains

location of middle surface above base plane
static load increment reduction factor
circumferential coordinate

bending strains

geometry parameter

Poisson's ratio

material density

nondimensional time

duration of load

nondimensional stress function
meridional finite difference spacing
circumferential finite difference spacing

timewise finite difference spacing



Matrices

A L
ANL
AD
FL
FNL
FD
Z
Indices

k

m

n

r

linear static coefficient matrix
nonlinear static coefficient matrix
dynamic coefficient matrix

load column matrix

pseudo load column matrix
dynamic column matrix

column matrix of all mesh variables

time station
meridional station
circumferential station

iteration in Newton's procedure



GOVERNING EQUATIONS

The shell is assumed to be 1) thin, that is, the ratio of wall thickness
to radius of curvature is much less than unity; 2) shallow, the ratio of the rise
at the pole to the base diameter is less than about 1/8; 3) elastic; 4) undergoing
small strains despite large deflections; and 5) imperfection free. The geometry

of the shell and notation are shown in Figure 1.

The load is distributed over the surface of the shell asymmetrically, con-
sisting of uniform and linearly varying parts, as shown in Figure 1. Timewise
the load is applied suddenly, held with constant intensity for a finite duration of

time, and removed suddenly.

The analysis is based upon the shallow shell equations of Marguerre [2].

In terms of nondimensional variables these are:

V4w_vzzp =(§¢' +:—2 .zﬁ)w"+(;1{-w' + :—2 W) P

2 (Lgr- - PHEw' -4 W)+ 4pH(r)(1- ¢ £ cosg) - Yoo
X X

2 4 1 1 .. 1- 1 -\2
-V'w-VY = (=w'+—w)w'-~ —w'——w) (2)
(x X2 ) (x X2
2 2 .
2 0 1 0 1 0o 1 1
where Ve = + Tz 53 = O+ 20"+ ()
sz X 0X XZ 892 X x2
9 *
ar - )
4 2,/H
At = 48(1-v )(h)
x = 2p
a
1/2
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q, is the classical buckling pressure for a complete sphere [3], and H(7) is the
unit step function of finite duration which vanishes for 7 < 0,7 > 7* and equals

unity for 0 = 7 = T*,

The stress function - stress relations are

N = Lip s+ L F
r T 2
r
- 1"
NG F
1 PO
Nr9= _(?F)' @)

The stress - strain relations are

- 1 -
€ - Eh (Nr VNG)
= —1- (N -vN )
€o Eh ) r
- 2(1+v) N
€ro Eh T9
Mr = D(Kr+VK6)
MG = D(Ke+vxr)
Mr‘9 = (1-v)Dk,. 4)



The strain - displacement relations are

= U+ X w 4 Llawn2
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In equations (3) ~ (5), prime denotes differentiation with respect to r.

At 7 =0 the shell is at rest:

* *
w = w =yp=9¢ =0 = X = (6)
=60 =7
The edge of the shell at x = A is simply supported:
W = 0; w =0
U = 0; A" -y’ - $§=0
V o= 0; A" -@-nip+esniip-2% saw+ Lwn2og
A A AZ 2
Mr = 0; Aw'+ vw'=0, (7)

Since the structure and loading are symmetric about the diameter
¢ = 0, mand deformations with such symmetry are assumed, we consider only
one half of the shell corresponding to 0 <9 = 7. The conditions on the diameter

of symmetry are:



w o=¢=w=79=0 o (8)

At the pole the stress resultants and bending moments must remain finite, there

must be no transverse shear, and Nf =N o' These requirements are satisfied if
w =3P=0
W+w'= @ +3) =0

1

w' o= =0 (9)
at the pole.

Since the governing equations (1), (2), the boundary conditions (7), (8)
and the pole conditions (9) do not involve ¥ but only its derivatives, ¥ is not uniquely
determined. In fact,

wZ=0

sz Cl(T) + C2 (T) X cos @ 10)

satisfy (1), (2), (7), (8), (9) at all times and cause no stress. If the nonlinear terms
in the governing equations (1), (2) and the boundary conditions (7) are neglected, then

the stress function solution may be written as
Y = zpo (x,7) + zpl(x,r) cos 6 + Cl(T) + Cz('r) X cosf . (11)

The two functions Cl’ C2 in (11) may be determined by specifying the stress function
to be zero at two points on the shell

P(A0,7) =PA,m,T)=0. (12)
Therefore for this particular loading and linear deformation it can be shown that

(12) implies
pA,0,7) = 0, (13)

It is assumed that the application of (13) to the nonlinear equations (1), (2) and

boundary conditions (7) results in a negligibly small error.



DERIVATION AND SOLUTION OF FINITE DIFFERENCE EQUATIONS .

The solution to-(1) and (2) is obtained by finite differences in time and

- two dimensional finite differences in space. Since an implicit difference method

is used to march out the solution in time, nonlinear simultaneous equations have

to be solved at each time step. These equations are solved by successive lineariza-
tions using Newton's procedure [4]. The Newton procedure computes successive
corrections to the starting solution until the desired accuracy is obtained. Then
the procedure is repeated at subsequent time steps until the solution is marched
out to the desired time. Thus the most frequent step is the computation of the
corrections in Newton's iteration procedure. The basic iteration equationis de-

rived below.

The replacement of the derivatives in (1) and (2) by finite difference
approximations is a common procedure for deriving finite difference analogues
of (1) and (2). For the linear version of (1) and (2) this procedure will not always
lead to finite difference equations with a symmetric matrix of coefficients, al-
though linear structural behavior entitles us to a symmetric matrix. Another
way to obtain finite difference equations is to derive them from a minimum prin-
ciple as was done in References 5, 6, and 7. Inthe present case the equilibrium
equation (1) may be obtained from Hamilton's Principle and the compatibility
equation (2) may be obtained from the Principle of Minimum Complementary
Energy. However, the use of two minimum principles for the present purpose
is awkward. Instead, we derive finite difference analogues of (1) and (2) from

the conditions for the stationary value of a definite integral

T
af:af('r-l)dr=o _ (14)
0

where T is the kinetic energy associated with the transverse displacement of the

shell
T Ay
T =%ffw2xdxd9 (15)
0 0

10
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fw{(l—w(w') 1+v>[¢'>2——-<z» -2 (39 ] - zp<w'>} de . (16)
0

+

l\D|l—‘

X=A

Although the integral (14) lacks physical meaning, it provides the basis for an orderly
derivation of the finite difference analogues of (1) and (2).

Condition (14) is satisfied if w and ¢ are solutions of the following dif-
ferential equations,

d ﬂ) + 2L -0 i=1,2 an

— (% oL
dr azi 8Zi

where Z1 =w, and Z2 =y, Equation (17) implies the governing equations (1) and
(2), the boundary conditions (7) (8) and the pole conditions (9). If condition (13)
is imposed, the underlined terms in (16) drop out, the conditions for the relative
extremum of (14) are still such that equations (1), (2), (7), (8), (9) must be sat-
isfied, and in addition y§ is determined uniquely. Thus the determination of the
relative extremum of F without the underlined terms in (16) implies the solution
of (1) and (2) subject to (6) - (9).

For the approximation of the integrals T and I we impose on the sur-
face of the shell a net consisting of M parallels and N+1 meridians equally spaced
such that

_ A
Ax ——————l
(M+ 5)
A9 = w/N
Xm = mAX . m=0,1,2,. .. M
0, = nAg n=20,1,2,. . .N (18)

The edge of the shell appears halfway between two parallels.

11
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[y
I

1 2 1 2 1 -
1= §(V2W) -3 (v2y) -4PH(T)(1—Q-}§cos 0) w - w"(%w' + ;? w)¢

[
1l

¢'W'

1 ..
ig = 3 ¥w
X

[
]

1 ..\112
4 ) [ (; W)' ]
. 1
ip = - 5 [@-»@)2 - a+v)@H2] (19)
and assume that these integrands are constant over the elemental areas and length

shown in Figure 2. Also, assume that w is constant over the elemental area cor-

responding to ij. Then summing up all the elemental areas we have approximately

M .
N *2 1 (%2 ] 2
T —{—s—wo +E m[z W0t mN) z: }Ax AD (20)

m=1 n=1
M N-1
_In. 1, : ARy 2
I = [ 811,0+Z[2 (ll,m,0+11,m,N) + 11,m,n:|m}AX Ag
m=1 n=1
M-1 N-1
1 . . . 1 2
* ['2‘ Uy m+1/2,0 T2, m+1/2, N 12,m+1/2,n:| (m+5)axag
m=0 n=1
N-1
111 .. R . . 1 2
+ 2[5 A M+1/2,0 T T2, M+1/2, N +Z 12,M+1/2,IJ(M+§)AX A6
n=1
M N-1
+ 1 i Ag
/ m 3, m,n+1/2
m=1 n=0

12



‘M-1 N-1

. 1 9
+ZZ 14,m+1/2‘,n+1/g (m + 5) Ax"Ag

m=0 n=0
N-1
1 .. . ~ |
¥ [5 U5, M+1/2,0 ¥ '5, M41/2, N +Z 15,M+1/2,n] ae - &)
n=1

Letting Z stand for either w or i we can express the derivatives in (21) in
terms of the displacements and stress functions at the nodes of the finite difference
net as follows

I.-.

' =
Zm+1/2,n Ax

7 - L
Zmnii/e = &g Pm,ni ” Zm,n (22)
v ?z) =tz -2Z_ +7 )
m,n AxZ mFl,n m,n m-1,n
X
o1

2x  BX (Zm+1,n - Zm-l,n)

1

T2 Ag? Zm,ne1 " 2%, 0 * Zm,n-1
Xm
1.\ _ 1 _ )
(-z T 2ax?Ag Wy et ™ ¥1,nT Y1, Na-n V1, N0

1/2,n+1/2

(57

H 1 1 1
Z) = [ (Z -z )= (Z -Z )]
m+1/2,n+1/2 AxAf X4 mil,ndl Tmel,nt X Tmn+l Tmn

m=1

NI

(2Z0 + Z + Z

Z1/2,n+1/2 1,n 1,n+1)

z Zmant? z ) m=1,

+ Z +
m,n “m+l,n “m,n+l  Tm+l,n+l

AT

m+1/2,n+1/2

13



At the pole

Zb’ = constant and

il

(v*2z),

1l

N-1

2 1 1 -

(v 2), 3 [2zo-ﬁ(zl,o+zl,N+2Z Zl,n)]' 23)
n=1

At the edge of the shell

= 1 -
ZMir/2,n" 2 PMyn t Eve1,n) =0 (24)

and on the diameter of symmetry (n = 0, N)

1

Zm,n= 2A0 (Zm,n+1 -Z

m,n—l)= 0- (25)

Substitution of (22) - (25) into (21) yields an expression consisting of a linear part

quadratic part I, , and cubic part INL’ in w and 3 at node points inside the

Ig L’

boundary. Thus

I= Ig+I +Lg - (26)

Next we approximate the acceleration term in (18) by Houbolt's four point

unconditionally stable backwards difference formula [8] ,[9]

k% 1

w 4w
m,n,k A‘rz

(@w 5w ) k=3 (27)

m,n,k” °¥m,n,k-1"*"m,n, k-2~ Vm,n, k-3

X

** 2 . m
w -2 wm,n, 1)—t?:p(l—oz - cos Gn)

m,n,2 = ATZ (Wm,n,2

6 xm
m,n,1 F Ym,n,1 ~ 8p (l—a o COS6n)

where the time 7 is represented at discrete points by

Tk = kAT, (28)

14



Substitution of (20), (26) and (27) into (17) results in a set of nonlinear algebraic
equations for Zm n. k' To solve these equations by successive linearizations
using Newton's pltoéedure [4], expand (17) in Taylor series about the rth iterate
and keep only the first two terms‘ -

2

2
d ,/9T 3°T *r a1 971 r :
T (== +W—— Y/ + + 6Z, =0 (29)
dr (azlf ozt o7f Y7 a2F  ozTezt )
i i j i i)
where s2F = zfl _ gt (30)
j j j
and Zi includes all mesh variables. Then with
8L,
r —FL
97!
1
oL
& = A2
Y/
1
Slyp, -
ozt NL
1
ale
e Gh
Y ALY
77
%1
— L _ A
T T L
9Z . 0Z.;
i°%
2
il AN
r. .. T NL
YAV A
i~7j
1(_81‘), s
dar 82. m,n,k
1
d ( o’1 a%r)— 6%~
9 (Fv %7 %%;
dr azfazjr j m,n,k

15



and the proper grouping into A and FD of terms resulting from Houbolt's formula,

(29) gives the basic iteration formula at the k th time station as

r _ _ _ _ r
[AL tAgg * AD] 8%, = Fp -Fo FD;k [AL + AD] 2y
r _ - _ _ Tr
[AL + ANL + AD] 6z, = 2F - Fy; FD,2 [AL+AD] Zg

r r
[Ap +Ayp +B8Ap]6Z) = 8F ~Fyp - [Ap +Ap] 24
Each of equations (32) may be written as

AdZ = F

where 6Z and Z are ordered identically as follows:

[ 3

m,

N

(33)

(34)

/

The equations are ordered in the same way as the unknowns with w and ¢ cor-
responding to the equilibrium equation (1) and the compatibility equation (2),

respectively.

The system (33) is banded. It may be partitioned and written in the

block 'five-diagonal" form:

16



C 5ZO + D_Oazl + EOéSZ2 = F

@

0

T
Dy 6Z, + C,0%Z; + D,6%, +E 062, = F,
EY6Z. + DY6Z, + C.6Z. + D.6Z. + ESZ. = F
0%%0 1041 F Cg04y 2044 2044 2
T - ' —
Em_zézm_2 + Dm-lazm—l + cmeszm + Dmazm+1 +Em6Zm+2 = Fm
m=3,4,. M-2
E. .6Z. .+DY 5% . +C. .6Z. .+D. .67Z. = F
M-3°4M-3 ¥ Pm-2°%M-2F “M-1°%Mm-17 PM-1%%m M-1
E. 6%Z. .+DY 67 . +C.8Z. = F 35
M-2°4M-2 ¥ PM-1°%m-1 T CmC%m T T (39)
where
Cm = CL,m + CNL,m * CD,m
D ® Pom * Pnim
Em = E:L,m
F =TF -F ~F, -[E 7 +DY 7 . 4(C. _+Ce )Z
m Lm " NL,m Dm L,m-2"m-2 L,m-1"m-1 I,m "Dm'™m

+ (36)

DL,mzm+1 + EL,mzm+2] '

C C

The elements of C NL, m’ DNL,D]’ FNL, m’ D, m’

F

L,m’ DL, m’ EL, m’ FL, m’
D.m matrices are given in the Appendix.

The system of linear equations (35) is solved recursively using an extension
of Potters method [10].

62 = -X_6Z Y 0Z 0+ Q (37)

m m+l Tm - m+ m’

1



Expressions for the matrices Xm, Ym’ and Qm may be obtained by substituting into

(35). They are:

X, = €y D
Y, = cal E,

Q = Gy F,

X, = 8 [D -D] ¥,]

Y, = S E

Q = 8 [F - Dg‘ Qol

X, = S,[D,-(, - E)X) Y,]

Y, = §,E,

Q = S,[Fy-0; - EgX)) @ - By Q]

Xm = Sm[ D~ Pmo1 ™ EBpoo Xpg) Ym—l]

Y = S E_

Qy ~ Sm[Fm P 1~ En-o®¥m-2) 9m-1 " Fm-2 Qm—z]

m=3,4,. . .M-1

18



except YM—l =0
Zyp = SylFap- Oy - By oX o) Qg ~ By Uuoa!
where
_ Ty -1
51 [Cy - Dy Xl
s, = [c,-m -ETxyv, -eTy ]} (38)
2 o ~ Dy — By X ¥y - By Xy
s =[c_-®_ -E_.X )Y .-E .Y ]t
m m m-1 m-2"" m-2' m-1 m-2 m-2
m =2,3,. M

19



COMPUTATION PROCEDURE

The characteristic deflection of the shell V, referred to as volume of deforma-

tion is related to the deflection as follows

21 A
j f Wrdrdf
0 0 )
2r pA
f f rdrdg
0 0

M N-1
= 8 Nw +Zm[lw +iw + w ]
1 2 9 8 0 2 "m0 2 "m,n m,n Jy
N(M+ E) A m=1 n=1 39)

The asymmetry of the deflection is measured by the difference in volume of deforma-
tion corresponding to the highly loaded region 0 = r < a, /2 < 6 < and lightly

loaded region 0 <r <a, 0 < 0 < 7/2

M N-1 N/2-1
T - 8 1 1 -
Vp = N Zm[z Y, N zwm,o+zwm,n Z Wm,n]-
N(M+3) A% m=1 AN n=1
STo T (40)

The computation procedure is summarized below.

1. Set up the linear coefficient matrix A_, the dynamic matrix AD’ and

L’
the load matrix FL.

2. Set all mesh variables Z to zero.

3. Compute the nonlinear coefficient matrix A the pseudo load ma-

NL’
trices F and F_..

NL D
4. Solve the first of equations (32).
5. Add the increment 67 to the solution Z.

6. Repeat Steps 3 - 5 until solution has converged. The criterion

for convergence is

20



- = e (1)

where HZl| =v E Z2 and ¢ is a specified constant.
m,n m,n

This yields the solution at the first time station.

A

7. Extrapolate a starting solution for the next time station by
applying

Z, = 3Z

Kk k-1~ 3y otZy g k=2, Z,=2 =0 (42)

at every spatial finite difference mesh point.
8. Repeat Steps 3~ 6, except at Step 4 solve the second of
equations (32). This yields the solution at the second time

station.

9. To obtain the solution at the kth (k = 3) time station, repeat
Steps 7, and 3 -6, except in Step 4 solve the third of equations
(32).

10. Terminate the computation when solution is carried out to a

specified time.

If at any time station the solution has not converged in a specified number of itera-
tions, the iteration is stopped. The solution at the previous time station is taken
for a starting iterate and Steps 3 - 6 are repeated. If convergence is achieved,

Step 9 is repeated. If convergence is not achieved the computation is terminated.

The computation of the static load deflection curve and the determination
of the static buckling load is a variant of the above computation procedure. Here
we increment the load instead of the time. The applicable equations can be ob-

tained from (32) by deleting the dynamic terms. The result is

[Ap +A )62  =F - Fp - AL Z

NL " AL (43)

A typical static load deflection curve is shown in Figure 3. The volume

of deformation V increases with p. When Por is reached, the shell buckles and

21



V jumps from A to C. The AB branch of the load-deflection curve is unstable

because the deformation increases with decreasing pressure.

The computation of the static load deflection curve is summarized below.

1.

10.
11.

12.

Set up the linear coefficient matrix AL'

Set the load and all mesh variables Z to zero.
Increase the load by Ap and compute the load matrix.
Compute the nonlinear coefficient matrix ANL'
Solve equation (43) and add the increment 6Z to the solution Z,

Repeat Steps 4 and 5 until the solution converges according to (41).

Repeat Steps 3 - 6 until at some load level the solution fails to

converge in a specified number of iterations.

Reduce the load by Ap and the load increment to nAp, where
n< 1.

Repeat Steps 3-7 with Ap replaced by nAp.
Reduce the load by nAp and the initial load increment to 72 Ap.
Repeat Steps 3 -7 with Ap replaced by 772 Ap.

When the solution fails to converge, it is assumed that the
load level is near the relative maximum of the load-deflection
curve. An attempt is then made to compute two points on the
unstable branch of the load~deflection curve. The load is re-
duced by 2772 Ap and the starting iterate is taken to be

22
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Z = 7 + 5(Z, - Z

2-1 9-1 2-1

where Z 2 is the last converged solution. If the solution con-
verges, the load is incremented by 772Ap. If the solution fails

to converge, the computation is stopped.

The asymmetric linear static deformation is governed by

(44)

(45)

It can be computed by that section of the dynamic computer program which solves

linear simultaneous equations.
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VALIDATION OF NUMERICAL METHOD

The validity of the numerical method is partly demonstrated by the results
of the following special cases of the deformation of a simply supported shallow

spherical shell:

1. Asymmetric linear static deformation, which provides a
check on the two dimensional finite difference equations

and the method of solving them;

2. Symmetric nonlinear static deformation and buckling,

checking the application of Newton's method; and

3. Symmetric nonlinear dynamic deformation and buckling,
checking Houbolt's method.

4. Asymmetric nonlinear static deformation and buckling.

The results of these computations are compared with results that are published

or obtained with other computer programs.

Asymmetric Linear Static Deformation

The asymmetric linear static deformation of a shell withA =8, p=0.5,
v=0.3and ¢ = 1.0 was computed. A finite difference net with M = 25 and N=4
was used. The deflections are compared in Figure 4 with those obtained with
100 finite difference stations from a published program [11]. The program]11]
is based on the analysis of Reference 12. The example solution was computed
with a Fortran program on the IBM 360/75 in approximately seven seconds. Thus
the present analysis leads to an accurate and efficient solution of the asymmetric

linear static problem.

Axisymmetric Nonlinear Static Deformation and Buckling

The axisymmetric buckling load for shells with A = 4 and 8 subjected to
uniform pressure (@ = 0) was computed. In both cases v = 0. 3, initial Ap=0. 05,
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M =15, N=4, and 7 iterations were permitted to achieve a converged solution at
a given load level. For A =4 case, ¢ = 0.001 and n = 0.1; for A = 8 case, ¢=0.01,
n = 0.2. The critical pressures obtained in the present analysis are compared to

those obtained by Weinitschke [13] and Schaeffer [7] below.

A 4 8
Por present analysis 0. 6615 0.796
P, Weinitschke [13] 0.660 0.791
p__. Schaeffer [ 7] 0.646 0.857
cTr

The present buckling pressures are in very good agreement with those obtained by
Weinitschke [13] and in reasonably good agreement with those obtained by Schaeffer
[7] . The load deflection curves and the deformed shapes near the buckling pressures

are shown in Figures 5 and 6.

These calculations do not consider possible bifurcation from the symmetric

state of deformation. Weinitschke [14] has shown that bifurcation occurs for A > 4.

Each load-deflection curve in Figure 5 was computed with a Fortran program

on the CDC 6600 in approximately 2.5 minutes.
Axisymmetric Nonlinear Dynamic Response and Buckling

The dynamic buckling load for shells with A = 5 subjected to uniform pressure
of infinite duration was computed. Poisson's ratio v = 0.3, ¢ = 0. 01 and the finite

difference net was such that M = 15, N =4, and A7 = 0.1.

An ensemble of responses for various load amplitudes is shown in Figure 7.
The maxima of these responses as a function of the load amplitude are presented
in Figure 8. The load at which the response of the structure changes abruptly from
"moderate to severe'", from sub-critical to super-critical, is taken to be the dy-
namic buckling load [15]. Thus, for this case Py, = 0.57 approximately. The de-
flected shapes at Vmax for p = 0.55 and p = 0.6 are shown in Figure 9. Note that
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at the super-critical load p = 0. 60, the deflection at the pole is more than twice
the initial rise H and the shell is in the ""inverted' or inside-out position with all
points on the shell below the base plane. At the sub-critical load p = 0. 55 the
shell has deformed only moderately.

The present results are in good agreement with those obtained from an
analysis and program for the axisymmetric nonlinear dynamic response of shells
of revolution developed at the NASA Langley Research Center and described in
Reference 16. (See Figure 7.) The Langley results are for Ar = 0.25 and 25

finite difference stations along a meridian.

The present P, = 0.57 for a simply supported shell is higher than the Por
= 0.49 computed by Huang [1] for a clamped shell. The ratio of dynamic to static
buckling loads for shells with A = 5 and clamped edge is 0.78 [1] [17]. For simply
supported shells, the ratio is 0. 76 based on symmetric static buckling and 0. 91

based on the static load at bifurcation.

Asymmetric Nonlinear Static Deformation and Buckling

Static buckling loads for asymmetrically (a = 1) loaded shells with A = 4
and 8 were computed. For A =4, ¢=1, v=0.3, Ap=0.05, 1 =0,2, ¢ =0.01,
the finite difference nets used, the maximum number of iterations permitted at

each load level, and the critical pressures are given below:

M 5 i0 15 15

N 4 4 4 6
Itera‘tlons 10 7 7 "
(maximum)

pcr 0.316 0.328 0.332 0.328.

The difference in the last three critical pressures is about 1%, indicating con-

vergence of the finite difference net. The critical pressure is taken to be 0.328.
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For A =8, a=1, v =0.3, the parameters of the problem and the critical

pressures are given below:

M 5 15 15 15
N 4 4 6 8
(Irfaffxﬁ’;) 7 7 10 10
Ap 0.05 0.05 0.025  0.05
n . 0.1 0.1 0.2 0.1
0.001  0.01 0.001  0.0001
Por ©0.3245  0.378  0.411%  0.425%.

In the computation of the critical pressures marked by an asterisk points on the
unstable portion of the load deflection curve were not obtained. Since in these
cases the failure of Newton's procedure to converge may be due to causes other
than the non-existence of an adjacent equilibrium position on the stable branch
of the load-deflection curve [ 18], these buckling pressures should be viewed

with caution.

The load-deflection curves for A = 4 and 8 and the deflections of these shells
are shown in Figures 10-15. The slope of the A = 4 load deflection curve decreases
monotonically and the deflections at the buckling pressure of Por = 0.328 have es-
sentially the same character as the load, that is, they contain mostly a uniform part
and a cos # part. The slope of the A = 8 load-deflection curve, however, decreases
up to p = 0. 35, increases slightly from 0.35 to 0.40 and then decreases again. The
reversal of the change in slope is accompanied by drastic changes in the deflected
shape of the shell as shown by Figures 12-15. At p = 0. 30 the deflected shape con-
tains mostly a uniform part and a cos 6 part. At p =0.35 the deflected shape has a
pronounced waviness in the 8 direction near # = r as shown in Figure 15. This is a
plot of the deflections along the parallel r/a = 0. 71 at which the deflection peaks in
Figures 12-14 occur. At Pop = 0.425 the shell has returned to a simpler shape than
that at p =0. 35 but containing contributions from components higher than cos 6. The
deflected shape at p = 0. 35 appears to be associated with a local instability of the
shell. It should be further investigated. Probably a finite difference net having

N > 8 and smaller load increments should be used.
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Asymmetric critical pressures for A =4 and 8, obtained with the program
described in Reference 19 using 25 stations on the meridian and 8 terms in the
Fourier expansion of the solution in the circumferential direction, are 0.336 and
0.304 respectively. Thus for A = 4 the critical pressure for thié analysis agrees
very well with that obtained with the program of Reference 19. For A =8, the criti-
cal pressure obtained with the program of Reference 19, alphough much lower than

that of the present analysis is close to the pressureassociated with local instability.

The buckling pressures for asymmetrically loaded shells with A = 4 and 8
are approximately 50% of those loaded axisymmetrically, although the total loads
from the asymmetric and uniform loadings of equal intensity are the same. The
membrane stresses at Por from the asymmetric load are also much lower than
those from uniform pressure as shown in Figure 16. The stress resultants in

Figure 16 are scaled with respect to the classical buckling stress:

N, =T -
2 9

N, = Mo

6 " 1. n
2 %

The ratio NG/ Nr’ however, is approximately the same for both uniformly and
asymmetrically loaded shells.
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ASYMMETRIC NONLINEAR DYNAMIC DEFORMATION AND BUCKLING

Asymmetric dynamic buckling loads for shells with A = 4, 6, and 8 subjected
to an asymmetric loading with o = 1 were computed. The problem parameters are

listed below:

A 4 6 8
15 15 15
N 4 4 8
AT 0.1 0.1 0.05
€ 0.01 0.01 0.01.

The spatial finite difference nets for A = 4 and 8 are those which gave accurate re-
sults in the calculation of asymmetric static buckling loads. The time increment

was determined by trial and error. For A =4, p=0.4 and 7*= «responses were
computed with Ar = 0.1 and 0.5. These differed by less than 10% and, therefore,
At = 0.1 was used in all calculations with A=4and 6. ForA =8, p=0.2, 7*=
responses were computed with A7 = 0.2, 0.1, 0.05, and 0.025. The selectedtime
increment AT = 0. 05 represents a compromise between accuracy and computing

time.

Ensembles of response histories for A = 4 and load durations of 7* =1,5
and » are displayed in Figure 17. The dynamic load deflection curves for these
cases are shown in Figure 18. For 7* =5 and « the transition from sub-critical
to super-critical response occurs in a narrow load range and thus the dynamic
buckling load is sharply defined. For 7* =1, Vmax increases gradually with the
load intensity p. In this case Por is associated with the inflection point of the load
deflection curve, as proposed in Reference 20. Note also that the time required
to reach Vm ax increases as p approaches p or from below and then decreases as
p increases above Pors For 7* =1 the p = 1. 0 response achieves its maximum
later thanall other presented. This places . between 0.9 and 1.0 which is in
agreement with the load at the inflection point of the load deflection curve. Thus

the time to reach Vmax can assist in the determination of Por:
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The variation of P, and the critical impulse, I =p__ 7%, with 7*
and a comparison of static and dynamic buckling loads is shown in Figure 20.

The lowest dynamic load, occurring when TH= , is 84% of the static Pop

Also presented in Figure 18 are (VD)max - p curves. VD histories for

T* = o are displayed in Figure 19. For this case, (V increases sharply

_ D)max
at the same load as V, thus providing an alternate criterion for dynamic buckling.
Based on VD ‘histories, the critical pressures for 7* =1 and 5 are 0.65 and 0.30

respectively. Thus the V__ criterion leads to conservative buckling loads. For

D
the present purpose, dynamic buckling loads are determined on the basis of V.

The cross at the end of several response curves in Figure 17 indicates that
Newton's procedure failed to converge at that point. Convergence failure is dis-

cussed at the end of this section.

Ensembles of response histories A = 6, 7* = 5 and » are displayed in
Figure 21. The failure of Newton's procedure to converge does not allow the
construction of the vmax - p curve for 7* = o, The dynamic buckling load in
this case is determined from VD histories shown in Figure 22. The dynamic

load-deflection curves are shown in Figure 23.

As in the A = 4, ¥* = « case, the transition from sub-critical to super-
critical response for A= 6, T* = «occurs in a narrow load range and the dynamic
buckling load is well defined. In the 7* = 5 case the transition is more complex
and the striking feature of the load-deflection curve is the presence of two inflec-
tion points. At the second inflection point, associated with p = 0.425, the shell
has deformed to the inside out position. At the first inflection point, p = 0. 395,
severe deformation has occurred (V = 0.7) and in addition VD increases rapidly
as shown in Figure 23. Thus the load, p = 0.395, associated with the first in-
flection point of the load-deflection curve is considered as the dynamic buckling

load.

An ensemble of response histories for A = 8, 7* = 5 is shown in Figure 24,
The plot shows severe interference from convergence failures, but the dynamic
buckling load can still be located near p = 0.39. The significant feature of the
p = 0. 39 curve is the slow development of the response which has not yet reached

a maximum at 7 = 30.
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A summary of buckling loads for simply supported shallow spherical shells
is presented in Figure 25. The figure includes the static buckling loads due to
uniform pressure obtained by Weinitschke [13 ][14] and Schaeffer [ 7] and the static
and dynamic buckling loads due to uniform pressure and asymmetric loading ob-

tained in the present investigation.

The asymmetric dynamic response described above was obtained with a
Fortran program on the CDC 6600. Inthe A =4 and 6 cases one iteration re-
quired approximately 0.8 seconds of computer time, and in the A = 8 case, 3.2
seconds. After the starting iterate at each time step was extrapolated using (42),
only one iteration of Newton's procedure was generally required for a solution
norm accurate to 1%. Thus, the remarkable feature of this computation pro-
cedure is its speed. Computer time required for large deflection, nonlinear
response appears to be of the same order of magnitude as that needed for linear

response.

In several instances Newton's procedure failed to converge (see curves
marked by a cross in Figures 17, 21, and 24). This usually occurred abruptly
without a gradual build-up of the number of iterations required for convergence.
In all calculations five iterations were allowed to achieve a converged solution.
The convergence failure of A =4, p= 0.4, 7* = » (see Figure 17) was investigated
in some detail. It was found that at the point of failure the corrections to the solu-
tion decreased in the first few iterations but then increased rapidly resulting in a
diverging solution. Adding one fifth of the correction to the solution also resulted
in convergence failure at the same point in time. Changing the time increment to
0.05, 0.2 and 0.5 and starting with the extrapolated iterate also resulted in con-
vergence failure at the same time as shown in Figure 16. However using a time
increment of AT = 0.5, starting with the extrapolated iterate at all time steps
and, after convergence failure, restarting with the solution at the last time step,
a converged solution was obtained in this case. In this manner, the solution could
be continued in several other cases but in many cases this approach also failed.
Thus, it appears that in some instances the convergence of Newton's procedure
is very sensitive to the starting iterate. The underlying causes of these conver-
gence failures should be more thoroughly investigated so that a failure-free com-

putation procedure can be designed.
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CONCLUDING REMARKS

A numerical analysis and computer program are developed for the com-
putafion of the large deflection dynamic response of simply supported thin shallow
spherical shells subjected to a class of spatially asymmetric and timewise step
loadings. A variant of the program calculates large deflection static response
and buckling loads. The numerical method employs timewise finite differences
and two dimensional spatial finite differences. The latter are derived from the
relative extremum of a definite integral. The solution is marched out in time
by Houbolt's unconditionally stable backwards difference formula. At each time
step the resulting nonlinear boundary value problem is solved by successive linear-
izations using Newton's procedure. The linear simultaneous equations of each lin-
earization are solved recursively by an extension of Potters method. Computation

times are considered reasonable for all cases computed.

For shells with A = 4 and 8 the asymmetry of the loading reduces the static
buckling loads to 50% and 53% of the corresponding symmetric buckling loads for
uniform pressure. For A =4 the asymmetric dynamic buckling load of infinite
duration is 84% of the corresponding static one. For load durations shorter than
the period of oscillation of the shell (7 * < 5) the dynamic buckling loads are greater

than the satic ones.

For A = 6 and asymmetric loadings with durations of 7* =5 and =, the dy-
namic buckling loads are 0.395 and 0.235 respectively. For A=8, 7* =5, it is

approximately 0. 39.
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Appendix

Sub-matrices of the Linear Coefficient Matrix Ay,

CL,0(2x2)
9N |11 2
3 pNAx
1. 2] 9N
N - T
DL’O(sz) (N = 2N +2)
3 1 2 1 3 1, 2
“3 |1 — | 3 -zl "3 [
1.2 3 1, .2 1,2 3
el b (A% 3 Y| 3
EL,O(ZxN)
3 3 3
3 3 3
0 -3 0 vy 0 -3
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f+e
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The size and structure of the CL m(m = 2,3, ..

©
It

. M) matrices are the

same as those of the CL B matrix. The elements follow form=2,3. . . M-1
3m (1 + 41 4) PR, 57— + rzn
m A9 mA~f 4(m"~ -~ 1)
mA x? (1 £ — 2)
m- A8
4 ( 1
- 1 + )
mA62 m2 A92
_ax?
mA92
1
m3 A94
2a
f+e
2b
l(M-1)[1+——1——-]2'+1M3+' 1,2 + —L _ _2a-y
2 2(M-1) 2 ( BM T 12p02 ) N
1 2 1 2
= MAX (3 + + )
2 2M M2A62
2 ( 1 2
- 3+ 5 + )
Mae2 2M M2 A2
_ sz
MAG2
1
M3AB4
2a
f+e
2b
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DL’m('N-xﬁ) m= 1,2, ..
—
d el ¢
e | -d -c
c al bl e
-¢c| b |-a -c
c d
~-c| e} -d
Form = 1,2 M-2
a=——2—2—(m+%)[2A92+—1—+ 12]
A9 m (m +1)
b = - AX (m+%)
°=—2_(m+%)[12+ 12]
Af m (m +1)
=1
d = 5a
e=-;-b
D = [D E ]
L, M-1 L,m L,m m = M-1
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EL m is a diagonal matrix with the following elements:
.1
Em, 1,1 = 32
_ 1
Erom, 2,2 = 2%
EL,m,2n+1,2n+1 = a
EL,m,2n+2,2n+2 = 2 n = 1,2,. N-1
E = 1a
L,m, 2N+1,2N+1 2
E = - 2a
L, m, 2N+2, 2N+2 2
- S S
a=m+l Am+1)
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Sub-matrices of the Load Matrix ¥

L
FL,O(IXZ)
f
1 -1
fl > NpAx
0
FL,m(l X N) m=1,2,..... M
f - 4 -
1 f, = 2pAx m(l - )
M + 3
0
A
f = 4pr4m [1 - cos (n-1) AH] n=2,3,. ..
n 1
M+3
2
f
= 4
f = 2pAx m(l + )
N+1 M + 1
2
\
ﬁ:N+1
0
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Sub-matrices of the Nonlinear Coefficient Matrix AN

CNL,O(ZXZ)
a b
b 0
- 1.
a Nz,[)0 + 5 S1
b = - NS2
DNL,O(ZX )
1_[1 11
220[2%| T2 | Pu — |2282PN
1 1
ECO 0 cn 0 ECN 0
ay =Yy - ¥ - —F
n 0 1,n A92 ¢1,n
b =W,.-W, -—2— w
n 0 i,n Aez 1,n
c = 8. - 1 + W )
n 2 4A62 1,n 1, N-n
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Cyp,a * Cyi,B * Cni,c

CNL, 1

CxL A(ﬁ X N)

= = o
— =t —|ee | <H
= = =
—|eq - i~ |

i « _
< ] o | =

] 1
| 1=t o -t

=L

l_N
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C Nx N
NL, BN X N)

-y :\0 b0 { a, ho -ao ho
b by } 0 b [0 | |0
an-l -bn—l cn c'n an bn ln bn cn dn an-l -bn-l
b, | © do| o [-b, |0 b, | o do o b0

a -b e d. 2a 2b c d a - 77
N[N fen | 9N Y I O O o VO
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B = - ——p o+ U n*H ni1 4 N-1-n 1, Non)
16A9 ? ? H
by = - 12 1,041 " V1,0t Wi, Ne1on " W1, Nee!
16A0 ’ i ? ’
C = -{a_ +a
n ( n n—l)
d =b -b
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1
_n ,en fn & 41 dn+1
d

n 0 gn 0 e 0

°n | °N| 2n] PN

a, = 2y o +-2_ (-4 + 3
0 2%,0 ¥ L2 4.0 3/2, 1/2
N N N N-1/2
_ 1 ( ) R " 3 .o
= = W - 2
bo 2 \"2,0 Wo/ * o2 (Wl,o *Wio 23V 1) )
N N N-1/2
_ 2 -3
n T L2 (‘p1,n-1 * %.n 2“’3/2,n-1/2)}
_ ___;l__ T _ § .'
h T 2 (Win - %32, n-1/2) bn=1,2,. .. .N
- 1 " 2 '
s~ A2 (Wl,n-l * 3 w3/2,n—1/2) /
- 1 _ (
fh = %t N [ 8 n*3 /2 n-1/2 *‘bs/z,n+1/2)]
=1,2,...N-1
= W, -W, +—2 (2W" +2W, +3w - 3 . A)
gy 20”0 2 1,n 1,n T2 Wa/2,n+1/2 ~ 2 W3/2,n-1

In the expressions for ag and bg the two level subscript and sign should be
interpreted as follows: to obtahl;I the eqﬁation for a 0’ drop the lower level sign and
subscript on all symbols; for ayn replace the upper level subscript and sign by the

lower level one.
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The size and structure of the CNL m(m =2,3,. . .M) matrices are the
H
same as those of the CNL Cmatrix. The elements for m = 2,3,. . . M-1 follow.
3
21 2 1 N,
3 = 2(¢m+1,0‘ z/’m-1,o)+ 2, o [‘2“”%[1,0+ (-3) 4oz * @ D2 172 ]
N N Nom N N-1/2 N-1/2
-1 1 lw oozl Ly
by = 2(wm+1,0 _Wm-1,0)+ mAH2 [wm,0+wm,0 + Z(m Z)Wm—1/2,1/2
N N N N N N-1/2
1 Ing,'
ig(m+§')wm+l-’2,1/2 ]
N-1/2
- 2 (m-L - 1
n T 7 3 [m¢m,n-1+m¢m,n (m-3)¥mo1/2,n1/2 (m+2)¢m+1/2,n-l/J\
-1 vl 1y w! 1 lyw' = :
s> ['Wm,n 7 (m-3) Wor1/2,ner/e * 2(m+2)wm+1/2,n—1/2] pn =2
o1 ) 1o Ly Lol ]
€ T 2 [_Wm,n-—1+2(m_2 m—1/2,n—1/2—2(m+2 m+1/2,n-1/2 /
maAg¢
f = 4 -y b -4am Y +(m-l)(zp . + ) )
n m+l,n "m-1,n m2A92 m,n 2/\"m-1/2,n-1/2 m-1/2,n+1/2
l () +
+(m+ W41 /2 n-1/27 Ymel /2, ne1/2
— -W r—1 _law" s aw -(m-l)(W' -w' )
&y ~ m+l,n m-1,n 2mA62 m,n m,n 2 m-1/2,n+1/2 m-1/2,n-1/2
1 M w'
+(m+§')(wm+1/2,n+1/2_ m+1/2,n—1/zﬂ

n=1,2,. . .N-1

44



Form=M

7o

z o

"%‘ (3¢M,(1:I +%-1,§)+MA92 [ 3M¢M0+(M )%-1/2 1/2 ]

N-1/2

-1 1\ .;,!
0 0 E(M‘E)W -1/2,1/2 ]
N N N-1/2

22 z [%M("’M,n-1 *hvin) - (M"%) “‘1\4-1/2,11-1/2]

1 -wy -3 M- w, n=1,2 N
N M,n 2 M-1/2,n- 1/2] IR
1 " 1
vag L V¥Mna1 *2 5 (- )WM 1/2, n—1/2]

1
=30 WM-1nt 3.2 [‘ 6Mipy o+ (M-2Xa/2 n-1/2 e/, n+1/2)]

. .
= -8Wnr, 0" WM-1n* [4WMn+6WM,n' (- 3V, /204172 VMa/2, n—l/Z)]

n=1,2,...N-1
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n=1,2,...N-1
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The expressions for W', \'N}, W', and'zl.) in this appendix are different from
those in the text. With Z representing y or W, they are:

"

Znn = Zpay =22 o ¥Zp i, m=2,3. .. M-l

Zy n = By - 2% +7Z n=0,1,2,...N
Zi\'{,n = _3ZM,n + ZM-l,n

Zm,n = Zm,n+1 - 2Zm,n Zm,n—l n=1,2, N-1

im,O = 202 4 -2 ) m=1,2,. ..M
Zm,N - 2(Zm,N—l - Zm,N)

V.V'm+1/2,n+1/2= ?n—:_l (Wm+1,n+1 - Wm+1,n)_ % (Wm,n+1 —Wm,n) n;(l): i?.,

J=t

¢m+1/2,n+1/2 =1 (¢m,n * Zpm,n+1 * ¢m+1,n+1 * me+1,n)

The following quantities also appear in expressions for matrix elements:

N-1
S, = Hoth N*t2L Y,
n=1
) N-1
Sp = Wy - ‘2‘1~T(W1,0+W1,N+2 El Wl,n)
N-1
S = H,oWp,0t%h nWi,n *2 n§ %,0%1,n
N-1
S5 = ¥ oWi,17%, NV, N1t 1?:31 ¢i,n(W1,n+1+W1,n-1)
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FNL, 0

LN

2,N

Sub-matrices of the Pseudo Load Matrix FNL

1x2)
= %WOSI Ngp S (Aelz - %)S/;' ZeLz' Ss
=~ %ng

ax N

-1 1 - 1 -
f,0 =2%5 *3%,0 (Wz,o Wo)*z‘Pz,o (Wl,o Wz,o)
N NN N N N

. ) L - .,
v [‘ Y10 <W1,0 * W],O)+ ha W Ll T T%,0%0 " /2 1/2 Wa/2,1/2 ]
N N N N1 M N N N-/2  N-1/2

1

1
= .- - 7 ——
£5.0 2% 0(W2 o “o)+4A92 [ZW W *3 (W)3/21/2 ]

N N N N N N-1/2

B0 %S+ ¢1,n(w2’n-wo)+ Y. n (-Wl,n - Wz,n)

1

" (24 ..
N [¢Ln;1W1,n-1 “2% (Wl,n+ ) ¢],n+1“in+1 2‘& 2. n

3 W) 3/2,n-1/2 3(¢W33/2,n+1/2]

1 i 1 :
foon = 2W1,n(W2,n wy) + N [ZWanl,n+4 W )3/2,11 V2t a® )3/2, n+1/2]

n=1,2,. . .N-1
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The size and structure of the FNL m(m =2,3,. . .M) matrices are the

same as those of -the FNL'l matrix. The elements for m = 2,3,. . . M-1 follow.

N
1,0 = "5 ¥m- (Wow

m-1 o) 2 %m0 (Wms1,0 = m—L0)+%wm+1,0 (Wmo’wm+L0)
N N N N N N N

1,0
N
mAG [2(m 1) Y- 1,0 W m-1,0 ~ "m,0 (wm,O * Wm,0)+dm,1 w

m,1

N N N - N-1 N-1
m ]
Fam+D) Yme1,0 Vmst,0 £ 2 (M- 2) m-1/2,1/2 Vm-1/2,1/2
N N N-1/2 N-1/2
. |
* 2(m+2) me1/2,1/2 Vm+1/2,1/2 ]
N-1/2 N-1/2
11 )2
.0 "'Z m,o(wm+1,o - LN) N [mwm,o 'm0 (’“ 2)‘W ‘m-1/2,1/2 (“” m+1/2,1/2 ]
N N N-1/2 N-1/2

f1,n = _lpm—l,n(Wrn,n”\'lvm—l,n)+ "bm,n(wm+1,n_wm AR W

m+1,n m,n-wm+l,n)

"

1 m e 1" - e
mA e {m-—l ¥m -1, n¥m-1 n+wm,n—lwm,n—l—2¢m,n(wm,n+wm,n)+wm,n+1Wm,n+1

o .. N .,
* e+l 'm+l,nVm+l,n - 2(’“' E) [apw)m—l/Z,n—l/Z - (lpw)m-l/Z,m-l/Z]

1 " 5
* 2(m * E)[@w Ym+1/2,n-1/2 (ww)m+l/2,n+1/2] }

1 1 ] 4 ]
f2,n =" '2.“',m,n(wm+l,n_Wm-l,n)+ 4A92| mwm,nwm,n (m 2)EW m-1/2,n- 1/2+(W) -1/2, n+1/2

. 2 . 2
1
+(m+ f*")mﬂ/Z .n-1/2" Wlm;/z. n+]/2]}

n=1,2,...N-1
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Form=M
N _ 1
B0 ® "3%-1,0 (WM,O Waio1,0) 3%, 0 (3WM,0 + WM-1,0)
N N N N N N N
1 M . _ AN
N [M-l M-1,0 (WM—l,l WM—l,O) ’3"’M,0(WM,1 "WM,O) ‘M0 Wm0
N N-1 N N-1 N N N

-
I

2
1 1 1w w l( _l) o
2,0 - 1%M, (WM, +WM-1,0)+ P ['MWM, W, o 2 M-3 LD VR
N N N-1/2

bon ™ %10 W " Wv-t,n! " %0 CWan t WM-1,0)

1 M * .. N
) Ma6® {M_l ¢M_1’"WM'1'“ +¢M,D—IWM,n—1 - ¢M,n (3WM,n +2wM,n)

" 1\[(. :
* WM, T2 M- E)[('pwzw-l/z,n-uz = i1 /2, ne1/2 ]]

- Ly L lwt ow 1 1\Ww! T a2
on = 2¥M WM n"VMor,n) * N { MWM.an.n+4(M_Z)RW):{-I/Z,n—I/2+(“)!\I-I,/2,n+1/2:|}
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Sub-matrices of the Dynamic Matrices AD and FD

AD is a diagonal matrix with entries on the odd numbered row only. It

is partitioned into sub~matrices Cp (2 x2), Cp m(ﬁx N), m=1,2. . .M).
The elements follow: ’ ’

CD,0,1,1 = sz

CD,m,2n+1,2n+1 = 2 n=1’2’ ... .N-1

C - mAx4
D,m,1 1 - AP
2N-1,2N-1

FD is a column matrix partitioned into sub-matrices FD 0(1x2), F

1xN), m=1,2, ... M). For k= 2 the elements follow.

D,m

NAax® W

oa” 0

0 k=1
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For k = 3

4 Wo k-1~ Wo, k-2 * Wo k-3
F N Ax
D,0 3
8 AT 0
L 5w AW
2 W, 0,k-1 m, 0, k-2
0
MAX I
FD,m A‘)‘z 5Wm,n,k-,l 4Wm,n,k—z *
0
L 5w -l AW
2 OV, N, k-1 m, N, k-2
0
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(THE i's ARE DEFINED BY EQUATIONS I9)

FIG.2: FINITE DIFFERENCE NET, ELEMENTAL AREAS AND LENGTH
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FIG.12: STATIC DEFLECTION OF ASYMMETRICALLY LOADED SHELL,
A=8,P=0.300
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FI1G.13:STATIC DEFLECTION OF ASYMMETRICALLY LOADED SHELL,
A=8,P=0.350
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